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Abstract—We introduce to the power systems literature the in the power systems literature, while being an active subje
s_tatis_tical methods necessary for time-to-failu_re distribution es  of research in the general reliability community [2], [3].
Fmatlon with a limited number of data points, and where —\\ihin nower systems, [4] described an approach to estimat-
ew components have actually failed. These methods include . . . L .
both non-parametric estimation (i.e. no specific form of the NG time-to-failure distributions with censored (and ftet)
distribution is assumed), and parametric maximum likelihood data, by fitting Normal or Weibull distributions; [5] proped
estimation (where a particular distribution family such as Normal  a slight variant of this approach using a different estimate
or ngbull is assumed). .Both of these are shown give results for the probability that a component fails by a given time,
superior to methods previously suggested in the power systems ;4 4] syggested using a Generalised Exponential model
literature. We explore the accuracy in estimation which might . . ST )
be achievable if the correct distribution form is known using Instead of Normal or Weibull. Relevant distribution esttroa
simulated datasets. However, in realistic situations the only robust techniques drawn from the reliability theory literaturevéa
approach to extrapolating the time-to-failure distribution beyond also been applied in the very different contexts of restomnat
the range of the data is to perform physical modelling of times following hurricane damage [7], and residual dewiagi
component ageing processes. after subtraction of seasonal trends in spot prices [8] ¢ith b

Index Terms—Life estimation, Power system parameter esti- cases however the data is uncensored).
mation, Statistics This paper therefore introduces to the power systems

literature the statistical techniques necessary for @dinmg
. INTRODUCTION time-to-failure distributions from censored data; Settid

In many power systems worldwide, a substantial proportiantroduces the necessary terminology, and Section lieresi
of the network infrastructure was installed in the 1960s] anhe statistical concepts required for distribution estiora
is thus approaching its design lifetime (typically 40 ygargt will be shown that (contrary to the discussion in [4])
[1]. In order to plan replacement programmes, robust meamg powerful approach of maximum likelihood estimation
of estimating the distribution of failure dates for class#s provides an effective means of analysing censored data, and
component are required. that alternative estimators are available which are ingipie

This is complicated by the possibility that few or nosuperior to those in [4]. These methods are demonstrated usi
components in a class have reached the typical failure agel power system datasets in Section IV, and are shown
for that class, or indeed that few components may have failggl be superior to those methods previously proposed in the
at all. Data points typically are therefore of two typesiueé power systems literature. The question of what may be said
times, and times at which observation ceased for a compongstiustly with limited failure data is discussed in Sectiorthis
with it still operating (the latter is known as censored datasection presents new results on the robustness of meamdfet
Standard elementary statistical techniques considemsoced estimates when few components have actually failed, in kvhic
data, where actual failure times are available for all mem\bit are performed to data sampled from a known distribution.
of a sample. Specialised versions of these techniques gigealistic situations where correct form of fitting distition
available for analysis of censored data; if censored dataidshot known a priori, the only robust approach to extragpotat
available for a component the fact that it was still opegtinthe time-to-failure distribution tvbeyond the range of the
carries information, if not as much information as an actughta is to perform physical modelling of component ageing

failure time. Such specialised statistical techniquestfan- processes. Finally, conclusions are presented in Section V
dling censored data have received comparatively littkendithn
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. LIFE DISTRIBUTIONS AND ASSOCIATEDDATA

A. Definitions



common probability distribution is then defined as C. Statistical Estimators
Pr(t) =p(T <), @ o
1) Definitions:

whereT is the failure time for the component in question. The In many circumstances, information about probabilityrifist

associateghrobability density functioPDF) is butions must be inferred from data. Astimatorfor a quantity
Ir(t) = Fp(t), (2) associated with the distribution is a formula giving anrestie
so that the probability of” lying in a given interval is the for the true value of that quantity based on the observed data

. ; N As an example, a series nfcoin tosses may be modelled by
| of the PDF h I. A f . PN . X -
integral of the over that interval. Any distribution %the Binomial distribution withr, trials and success probability

which negative values cannot occur, i.E(0) = 0, falls . .

into the general class dife distributions this non-negativity p- As estimator forp is

condition is clearly necessary for modelling lifetimes. pP= Ny /n, (6)

In reliability analysis, it is often convenient to use the
survival distribution where Ny, is the number of heads. As prior to an experiment
N}, is unknown, this estimator may be regarded as a random

St(t) =p(T = t) =1 - Fr(t) () variable. The expectation value of this estimator is then

instead of the CDF. Thhazard rate(or failure rate, or ‘force up = E[Ny)/n=p. )

of mortality’) h(¢) is then defined such thdt(¢)d¢ is the
probability that the component fails in the next small ingdr Estimators such as this one, where the expected value of the

dt given that it has survived to time estimator is the true value, are calledbiased lack of bias (at
p(Tet,t+d)|t>1t) ft) least in the limit of. large sample sizes) is clearly a des@rab
h(t) = i = S0 (4)  property for an estimator.

. . . . . It is also possible to calculate the variance of the estimato
It thus gives the conditional probability of failure in the P m

; ) hich ify the likel li f th
next small intervald¢ given that the component has alread)\évstli(r:natrenarlr)w/ags used to quantify the likely quality of the

survived to age. By integrating this expression, the relation
0% = Ving]/n® = p(1 - p)/n. 8)

t
Stexp{/thT}epot 5 ) ] ]
) Jo ) [=H () ©) oy is then called thestandard errorof the estimator. Clearly in
is obtained, whereH () is termed thecumulative hazard practical situations the true standard error remains uwkno

function but it may be estimated by inserting the estimateto the
formula:
B. Censored Data 0% ~ np(n —np)/n’. 9)
1) Definition: Clearly a small standard error is desirable. This estimator

Lifetime data for a sample of components typically consis{s, pinomial distribution probabilities will be revisiteds a

of an age for each component, plus a statement of whether t&5?1didate estimator for survival probabilities in SectibA3.
age s . . 2) Maximum Likelihood Estimation:
» the age at Wh'_Ch the component failed, or Maximum likelihood estimation is a method of generating
. th_e age at which obse_rvanon_ of. the component Ceas%%tematicauy estimators with good theoretical propsttThe
with the component still functioning at that age. likelihood functionis defined simply as the pdf (or probability
In the latter case, the data is said toright-censored. While @  mass function in the case of a discrete distribution), rder
full set of failure times from a sample makes statisticalgsia a5 a function of the parameters instead of the data. As an

lab experiments; it would almost be a contradiction in terms

for a class of components in the field to be of interest, and for L(p;z) = < n )pa:(l —p)re., (10)
all of its members to have suffered end-of-life failures. x
2) Importance of Independent Censoring: Intuitively, it measures how well different values pffit the

The methods presented in this paper assume that the ¢gfra, and hence the valuefvhich maximises the likelihood
soring processes are independent for different componenfgen the data may be used as an estimatopfdiis is known
For the examples presented here, where censoring is dugd@heMaximum Likelihood EstimatMLE). In practice, both
a cutoff at the study date, this assumption is valid. Howevgp simplify the algebra, and to make numerical solutionseet

if (for instance) the censoring is due to components beiRgnditioned, it is usually easier to work with the log-likelod
replaced for reasons other than failure, then this assemptinction:

of independent censoring might not be valid, and very chrefu I(p;z) = In(L(p; ). (12)
treatment of the censoring would be required in the distidiou
estimation. It is straightforward to check that for a Binomial distrikon,

1 . . _ the MLE for the trial probability parameter is the same as

Left-censoring, where it is known that some components fdilefibre a th timator in 11-C1. which derived by intuiti “th
given time, but the precise time is unknown, is also defined;evew left- € _es imator n fI-C1, which was derived Dy Intuiion ase
censoring will not be relevant to the discussions in thisgpap obvious one’.



MLEs have a number of useful theoretical properties. In thee (1 —d;/Y;) thus provides an estimate for the probability
limit as the sample size tends to infinity, the MLE is unbiased that a component is working at the end of the interval,
and Normally distributed, with the variance of the MLE given  provided that it was working at the start.
by minus the reciprocal of the second derivative of the log- « (12) follows from combining these conditional probabil-
likelihood (for the Binomial example, the variance thusivea ities, and taking the limit of small intervals.
is the same as that derived by less formal means abovehe variance of this estimator may be estimated from Green-
These results generalise to estimates for distributiorth wWivood's formula:
more than one parameter; the estimator is then multivariate . . d;

Normal distributed, with covariance matrix equal to minhos t VIS(@)] = S(t)Q Z m (13)
inverse of the matrix of second partial derivatives of thg-lo ileg<e -

likelihood function. For an accessible and detailed stat#dm 2) Nelson-Altschuler Estimator:

of the properties of MLEs see Section 2.6.3 of [10]; a more An alternative estimator for the survival function is the

formal treatment may be found in [11]. Nelson-Altschuler estimator [16]. This directly estimatine
This property that the MLE is asymptotically Normallycumulative hazard as
distributed may be used for large sample sizes to specify R 0 t<ty
confidence intervals for the estimates found. For the small- H(t) = { S & o<t (14)
LTS i —

sample examples presented here, this useful property does ) )
not apply, and hence the standard error gives a less speciith estimated variance

.pe . . . . R dZ
guantification of the uncertainty in the estimates. VIA(®)] = Z . (15)

, Y2
IIl. ESTIMATING THE SURVIVAL DISTRIBUTION it
Estimation methods for the survival distribution fall irtt@o

broad classes:
o Non-parametric EstimationNo assumption is made a

priori as to the shape of the survival distribution.

S(t) may then be estimated using (5). The derivation may be
found in Section 2.3.2 of [13]; using a similar philosophy to
that for Kaplan-Meier, it assumes that for each interval the
number of failures is a Poisson process, and estimates that
rate of this process based on the observed data. [12] (page

* Pa;?rze:r'?i eiitlmfa t;girlm .Thfe diSl:rri\llglVgl r(]j|str|bur:|on \'AS/ %S'HSG) states that Nelson-Altschuler has better performaritte w
sumed to lie in a family of distributions (such as Weibu small sample sizes.

Exponential or Normal), each of whose members is 3) Failure Ratio:

defined by a set of parameters. The estimation process for[4] proposed a non-parametric estimation method for the

the survival distribution then consists of f|nd.|ng value_s fosurvival function (which was subsequently used to estimate
those parameters for which the model survival function

. defined he best fi he ob dd arameters in Normal and Weibull fits). Component ages
(in some defined sense) the best fit to the observe re recorded rounded to the nearest yeafhe estimator

) S suggested for the cumulative distribution function of timeet-

A. Non-parametric Estimation to-failure distribution is then

Non-parametric estimation provides an estimate of the sur-
vival function S(t) for each timet within the range of the data.
For a readable explanation of how to apply these methods, see
chapter 4 of [12], and for an approachable statement of thbis may immediately be rejected as a reasonable estimator
proofs, see Section 2.3 of [13]. A more rigorous set of proofer the cumulative distribution function, as it is precisel
may be found in [14]. the Nelson-Altschuler estimator for the cumulative hazard

Suppose that events (failures or censorings) occur atfunction, and hence is not bounded above by 1. As an example,
distinct times, thatl; is the number of failures at th&® time, consider for example a system of two components which fail
and thatY; is the number of components which are at risk an years 5 and 10; after 10 years, the estimated value for the
time ¢; (i.e. which have not failed or been censored betgfe CDF would then be 1.5.

~ dt
=Y 2L
‘ Y;

v <t

(16)

1) Kaplan-Meier Estimator: [5] presented an alternative estimator for use in the same
The most commonly used non-parametric estimator for tfi@mework (which will be referred to as the ‘failure ratics-e
survival function at timet is by Kaplan and Meier [15]: timator). DefiningY; as the number of components operating
in yeart plusthe number which had failed in previous years,
- 1 t<ty , : : : :
S(t) = i (12) andd; as the number of failures in years up to and including
[Lit <t (1 - 7) ti <t t, this estimator is: /
The estimated survival function is thus a step functionhwit Sy =1-— d—t,, a7
downward steps occurring at each observed failure time. The Y;
logic of the proof is that i.e. it is based on estimating directly the proportion of eom

« In any interval containing a single event timg d;/Y; ponents surviving to time. It is essentially the binomial
provides an estimate of the probability of a COmpone,;.})[robablllty estimator of Section II-C, and has variance
failing during the interval conditioned on it working at o (Y —dy) &t Y, —d 18
the start of the interval. S(t) — v, (5(2)) Y/d, (18)




We have found no reference to this estimator in books evhered = >, &;, the number of failed components. The
reliability such as those cited in this paper, despite inbei estimator for the scale parameter is then

perhaps the most intuitively obvious. One possible thémakt L\ /A

explanation may be seen by comparing the variance with that H— (Zi 2 ) ) (23)

of Kaplan-Meier, at times for which the cumulative number J

of failures is much less than the number surviving (e 3) Normal Distribution:

Y:, Y/). The variance of the failure ratio estimator in [5] is The Normal distribution has pdf

then approximatel}(S)Q/d’, whereas that for Kaplan-Meier )

is approximately(S)2d./Y?; by the assumption of a small frt) = L exp <_ (t = p) ) , (24)
proportion of failures, the latter is clearly smaller. Alsbis oV 2m 20°

doubtful whether the estimate of the survivor function ddouwhere the parameteys and o are respectively the mean and
decrease as age increases merely because of further cgnsatiandard deviation (SD) of the distribution. There is nselb
times (and the consequent increase in the proportion @dailform expression for the survival function; the log-likedibd

components), as opposed to further failure times. must therefore be maximised numerically. For the results
here, the nonlinear optimisation problem was specified én th
B. Parametric Estimation AIMMS optimisation modelling environment, and passed to

1) Maximum Likelihood Estimation with Censored Data: the CONOPT nonlinear programming solver for solution [17].

[4] proposed an approach to fitting Normal or Weibull 4) Least Squdares F|ts;1: d for fiti | ibull
distributions to censored data, based on a least-squares _fit[‘g proposed a me:j Od orb |tt|ngk§1 Nornlwa or Weibu .
to a non-parametric estimate for the CDF/survivor functioffiStribution to censored data by making a least-squares fit
This will be described in Section I11-B4, after more formyall to a non-parametric estimate for the survival distribution

justified methods, based on maximum likelihood estimatioftS discussed in Section 1lI-A3, the specific non-parametric
have been introduced. estimator proposed in [4] can result in probabilities geeat

Contrary to the claim in [4] that maximum Iikelihood_than one being obtained, am_j therefo_re the alternativma_tai
estimation cannot incorporate censored data in the ligetih " [5] (Pased on the proportion of failed components) is the
function, an MLE may be constructed as follows [10]. | cpreferred option from Fhose in the power .?ystems literature
5, equal 1 if the timet, for component is a failure, and 0 4] suggested adding two extra years’ data to the least-
if it is a censoring time. Suppose that the distribution Tor Sauares calculation, beyond the estimates for the survival

the time-to-failure for a single component, has a distignut distribution at the actual observed fallure times:
parametrised by3. The likelihood function for a sample of « A value of 0.999 for the survival distribution in the year

Components is then before the first failure.
n o The estimate for the survival distribution at the last
5 s, S . .
L(B;t) = H [fr(ts: B)]% [1 — St (ts; 5)]1 ) (19) censorllng t.lr.’ne fs the same as that. fe\t the last fallulre tlr.ne.
i=1 No formal justification for these additional data points is

This is the product of the pdfs for the components which ha@ven in [4]. Moreover, these additional data points might
failed, and the survival probabilities for those which ha. be considered unnatural when compared with realistic shape

Any multiplicative constants, which depend on neither 3, for the true underlying survival distribution; the first iirgs
may be neglected, as they do not affect the estimation Fmcégokmg for a fitted parametric survival distibution with a

2) Weibull Distribution: sudden step from 1 at the first failure time, and the second
The Weibull distribution has survival function implies looking for a survival function which is constant
between the last failure and censoring times. For the exampl
St(t) = exp(—(t/0)"), (20)  presented here we therefore perform the least squarestiito t

whered and« are the scale and shape parameters respectivéijn-Parametric estimate using points at the observedréailu

It is commonly used in survival analysis due to the form difes only.
its hazard function:
IV. ESTIMATED SURVIVAL DISTRIBUTIONS: RESULTS

k—1
t
h(t) = = () , (21) A. Data Used

which is respectively increasing / decreasing / constatiria The methods described above will be demonstrated on two

for (s > 1) ['(s < 1) / (k= 1). datasets previously used in the power system literature, to
The maximum likelihood estimator is found using standarpa b y P y '

) - ilal : acilitate comparison with previously published appresth
calculus by d|ffer_ent|at|ng the _Iog I|keI|hoo_d with respeto 1) Canadian Reactor DataData for a sample of 100 500
f and k, and setting the resulting expressions equal to zer

Following some algebraic manipulation, an equation for thkgy reactors from the British_ Cplumbia Hydro network is given
shape parameter estimatormay be deri\;ed [10]: in [4]. These were commissioned between 1969 and 1996,
] ' and just 4 had reached an end-of-life state by the study (i.e.

atin(t) 1 > &in(t) 0 22) censoring) year 2000. The ‘failed’ components were actuall

> th R 0 retired because field inspections deemed their conditidreto
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Fig. 1. Parametric and non-parametric estimates for the sirfimction Fig. 2. Parametric and non-parametric estimates for the @lrfimction
based on the data in [4]. based on the data in [6].

sufficiently poor; Depending on how these inspections Weﬂ_@e available information from both failure and censoring
carried out, the assumption of independent identical tioe- times.

failure distributions might or might not be valid; the metiso

given here are applicable as long as the criteria for retrem C. Results: Transformer Data

were consistent across all inspections. 1) Survival Function:

2) Mexican Transformer DataData for a sample of 100 Results for the transformer data in [6], using the various
13.8 kV distribution transformers from a Mexican utility iSparametric and non-parametric estimators described abowe
given in [6]. These were commissioned between 1973 agHown in Fig. 2. The Kaplan-Meier and Nelson-Altschuler
2006, and 16 had failed by the study year (2008). No det@ibn-parametric estimators again give almost identicalltgs
is given as to whether the failures were true ends-of-life, @and hence are not plotted separately. Similarly, the maximu
whether they were replaced following inspections whildl stilikelihood Normal and Weibull estimates are not plotted-sep
operating. arately as once more they are almost indistinguishable isn th
scale.

The Normal and Weibull parametric maximume-likelihood
estimators again give results which are consistent witmire
parametric Kaplan-Meier and Nelson-Altschuler resutighis

Results for the data in [4] using the various parametrigase, a 2-standard deviation error bar for the K-M estimiator
and non-parametric estimators described above are shawp displayed. For this small sample size the asymptbtical
in Fig. 1. The Kaplan-Meier and Nelson-Altschuler nonNormal distributed property of the MLE does not apply (this
parametric estimators give almost identical results, gt s demonstrated by the 2 SD error bar including probatslitie
are not plotted separately. The survival disribution eatés above 1), but neverless the SD may be used to give an order-
based on the failure ratio are rather more pessimistic. Themagnitude estimate for the estimation error.
maximum-likelihood Normal and Weibull estimates are not The generalised exponential distribution fit from [6], btthse
plotted separately as once more the curves are almost in@g-the least squares approach in [4], is also displayed. Once
tinguishable on this scale. Normal and Weibull fits using th@ore, this is less consistent with the inherently robust-non
least-squares method in Section I1I-B4 are also shown.  parametric estimators than the Normal and Weibull MLES;

The KM and NA estimators, the non-parametric failurehis, combined with its lack of sound formal justification,
ratio, and the two maximum likelihood estimates all givelemonstrates that the MLEs should be preferred.
consistent-looking results. Of the non-parametric edtimsa  2) Cumulative Hazard Function:
the KM and NA are to be preferred to the failure ratio due to The Nelson-Altschuler estimate for the cumulative hazard
their stronger formal justification, see Section IlI-A3. function is plotted in Fig. 3. While it contains the same infor

The Normal and Weibull least-squares fits based on [4] antation as the survival function, this plot reveals transpty
[5] are somewhat more pessimistic; using the non-parametiinportant information on the classification of failuresfeuvéd.
estimators, which are inherently robust within their scag®  The cumulative hazard rate is increasing superlinearli wit
a baseline, this version of the least-squares estimat@eaap age over the whole range of ages observed. This implies
to give poor results. The maximum likelihood estimatorshbothat its derivative, the hazard function, is increasinghwit
give better agreement with the non-parametric estimatord, age, and hence that the failures observed are age-reldted. |
moreover include in a formally justified and systematic wathe transformers were suffering random failures, caused by

B. Results: Reactor Data



0.9 the data is from the low-lifetime tail of the time-to-faitur

f distribution, and hence is not directly relevant to life¢isn
0.7 / around the mean.

/ The data in [4], where just 4 components have failed, is
Iy simply too limited for a meaningful parametric estimatehwit
0.5 / two fitting parameters. In both cases, the above arguments

—NA about the dangers of extrapolating parametric fits outdide t
"""" NA+2SD range of the data apply, and hence the estimates for mean
----NA-2SD / lifetimes cannot be regarded as being in any way robust.

’ 2) Inaccuracy of Results: Simulation Results:

To illustrate these points regarding the difficulties otista
tical fits with data in only the extreme early tail, 1000 sets
-0.1 —rr—r—— 11— of 100 component lifetimes for the Canadian reactors have

15 20 25 30 been simulated from a Normal distribution with mean 43.1
Age (years) years and stz_indard deviation 9.3 years, and from a Normal

distribution with mean 32.2 years and standard deviatidn 4.

years for the Mexican transformers (these are the Normal
means and SDs obtained using the MLEs described earlier.)
The commissioning years for each component, and the study

(censoring) years, are the same as in the original papers4Fi

external effects such as extreme short-term overloadiven t shows a scatter plot of means of the Normal and Weibull

03

0.1

Cum. hazard function

Fig. 3. Nelson-Altschuler estimate for the cumulative haZargtion using
the Mexican transformer data, and 2 standard deviation éaor

the hazard rate would be constant with time. distributions, fitted using maximum likelihood estimatitm
the 1000 sets of simulated data for each of the sets of
V. ESTIMATION WITH LIMITED FAILURE DATA components.

A. Parametric Versus Non-Parametric Estimation 3) Reactor Data:

. : . . The estimates for the mean lifetime obtained by fitting a
As mentioned previously, non-parametric estimators afg

inherently robust within their scope; they essentiallyider ormal d|§tr|but|on typically ra.mge from 32 to 50 year;,hmt .
some outliers up to 60 years; the mean of these estimates is

an empirical observed hazard rate for the sample consider§§4 years and the SD 3.8 years. Fitting Weibull distrigio

and do not make any a priori assumptions about the ShapetoOfthe same Normal-generated data, however, gives a much
the distribution. ’ '

However, as observed above, the common non-parameglrgater spread; the mean estimate is 46.7 years, the SDDis 23.

. . . and there are outliers up to 350 years. The mean number of
estimators produce step functions for the survivor and damu__. : L
i ) . failures across the 1000 samples is 6.8, which is greater tha
tive hazard functions, whereas the actual underlying fanst

. i : . the 4 in the original data.
are typically smooth. Provided the parametrised family o ! )
TR . - L . It must be emphasised that the Normal fits represent an
distributions used is sufficiently flexible in shape, partine . ) L : TR
o . : : idealised situation in which the form of distribution from
estimation can provide a degree of smoothing which produce

s : . . . iWhich the data is sampled is assumed known. The Weibull
a more realistic result. The price paid, however, is thagbar . ; . :
. L T . fits demonstrate just how non-robust extrapolation outdige
choice of parametric distribution is made, then the resglti

o ) : I range of the data can be if the correct form of the distributio

distribution estimate will not be realistic at all. . . ;
is not known, even where no new failure mechanisms become

relevant at typical lifetimes. The inevitable conclusianthat
B. Non-robustness of Extrapolation estimating mean lifetimes on the basis of such limited data

1) Reasons for Non-Robustness: cannot be a robust practice.

A pure statistical data-based approach, such as those dis4) Transformer Data:
cussed in this paper, cannot in general robustly say anythin The estimates for the mean lifetime obtained by fitting
about the survival distribution outside the range of conggin a Normal distribution in this case are much more tightly
ages used in the estimation process; the only exceptiorigo ttlustered, having mean 32.2 years and SD 1.1 years. The
is when there is good reason to assume that the same menWeibull-estimated mean lifetimes show similar perfornanc
of a particular parametric family of distributions applesoss (mean 31.8 years and SD 1.0 years). The mean number of
a broader range of ages. There might well be no reasonfailures across the 1000 samples is 17.6, which is slightly
suppose that the same trend in the hazard rate extends acraggater than the 16 in the original data.
wider range of ages, nor even that the same failure mechanismThis demonstrated that if one can sensibly assume that the
remain relevant (in particular, there might be a transitiomend in hazard rate seen in the Mexican transformer data
from random failures being dominant, to aging-relatedufa$ remains valid up to the mean lifetime, then quite a robust
becoming more significant.) estimate could be obtained from the original transformer

The motivation behind [4]-[6] was to estimate mean timeslataset. However, it is difficult to envisage circumstances
to-failure based on samples where a small proportion ohder which this assumption can be deemed reasonable a
components have failed; this implicity means that most gifriori, and hence the range of estimates seen in the scédter p
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Fig. 4. Scatter plot of means from Normal or Weibull fits to siniethreactor
and transformer data.

gives a highly optimistic view of the method’s robustness.

C. Physical Modelling

Where the data does not exist to make robust projections 6 N- Enkhmunkh, G. W. Kim, K.-J. Hwang, and S.-H. Hyun, "A pareter
typical failure times by pure statistical methods (i.e.dzhen
data alone), then such projections might still be made using 39-42.
physical modelling of aging processes.

An example of this approach is given in [18]. Data is

[18] therefore proposes using data on the condition of
insulation in transformers which have been scrapped fagroth
reasons, to project when those transformers’ insulationladvo
have reached a state which made replacement necessasgy. If th
number of scrapped transformers is sufficiently large, aeg t
are considered representative of the entire populati@m, tihis
provides a means of estimating the distribution of times for
the entire population at which insulation breakdown makes
replacement necessary.

VI. CONCLUSIONS

We have introduced to the power systems literature the
statistical methods necessary for time-to-failure disttion
estimation with a limited number of data points, and where
few components have actually failed. These methods include
both non-parametric estimation, and parametric maximum
likelihood estimation; both of these are shown to give sigper
results to methods previously suggested in the power sgstem
literature.

The accuracy in estimation which might be achievable has
been explored using simulated datasets. This suggest# that
the correct form of the time-to-failure distribution is kmo,
then estimating mean times-to-failure on the basis of adichi
number of early failures might give acceptably low error.
However, this is not a situation which is realised in praztic
In reality, there is usually no reason to suppose that the for
of the survival distribution at typical lifetimes is the sam
as that in the extreme early life, and hence the only robust
means of extrapolating beyond the range of the data is piysic
modelling of the ageing processes.
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